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COOLING OF GAS TURBINES
IV - CALCULATED TEMPERATURE DISTRIBUTION IN
THE TRATL.ING PART OF A TURBINE BLADE
USING DIRECT LIQUID COOLING

By W. Byron Brown and William R. Monroe

SUMMARY

A theoretical analysis was made to determine the temperature
distribution in the tralling portion of a liguid-coocled turbine blade
between the coolant passage and the trailing edge and to study the
influence of various deslgn and operating variables on the hot-spot
temperature at the trailing edge. The itrailing portion of a typical
turbine blade wes avdroximated by equivalent rectangular and wedge-
shaped sections to facilitate analysis, and representative values
for the boundary temneratures and surface heat-transfer coefficlents
were assumed or cambubed according to standard methods.

Three-dimensional temperature distributions were obtained at
effective gas temperatures of 2000°, 3000°, and 5000° F for & 4-inch
priematic section, cooled over the sntlre 1 th and having & thermal
conductivity of 15 Btu per hour per foot per , and at 2000° F for
similer sections having thermal conductivities of 120 and 210 Btu
per hour per foot per °F. In addition, comparison of one-dimensional
teuperature distributions through the outer portion of the blade was
made for two shapes, egquivalent rectangular and wedge plane sections,
at an effective gas temperature of 2000° ¥. The influence of thermal
conductivity on one-dimensional temperature distribution in both
plane sections was evaluated. With the equivalent rectangular solu-
tion, an investigation was made to determine the effect on trailing-
edge hot-epot Lemmersture of varistions in the trailing-section
width, thickness, thermal conductivity, and coolant-passage heat-
transfer coeffilcient.

The three-dimensional and one-dimensional sclutions of the
edanivalent rectangular trailing portion give almost ldentical temper-
ature distribution 1 the blade section away from the influsnce of
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rim cooling. For the blades of low thermal conductivity and wide
trailing sections the hot-spot temperature closely approaches the
effectlve gas temperature, and Infinite increase in the surface heat-
trensfer coefficlent at the coolant passage relative to that obtalned
with water will have small effect on the ftrailing-edge temperature.
Further reduction of trailing-edge hot-spot temporature can be
obtained by the following three methods given in order of decreasling
effect; by use of materlals having high thermal conductivity, by
altering the blade shape to provide a relatively short trailing
portion, by locating additional cooling pessages a short distance
from the tralling edge. .

INTRODUCTION

As part of the general program to increase the permissible
operating temperature of' gas-turbine cycles and to lmprove the life
of critical parts, further analysls of the llquid-cooled turbine
blade 18 being conducted by the NACA to determine the available -
cooling effect at the anticipated hot spot under present conditilons
of design and to evaluate various poasible methods of improving
cooling of the blades.

Part I of the current series on "Cooling of Gas Turbines" (ref-
erence 1) presents calculations on the application of alr cooling
fins to the turbine rotor with the object of reducing.the rim temper-
ature to permilt better cooling of sclld blades. It was found that
the root of the blade could be cooled about 800° F below the effec-
tive gas temperature, but relatively little gein was cobtained at the
critical section some distance from the root. In part II (refer-
ence 2) it was shown that blade life could be extended by rim
cooling, and that the effective gas temperature could be slightly
increased,

Part IIT (reference 3) discuseses the circulation of liguids
through hollow nassages in the blade and presents a one~dimenslional
analysis of temperature distribution from the blade tip to the rotor
axis. The effecte of variaticns in blade lengti, length of cooling
passags, type of llquid coolant, and rate of cooclant flow were
studled, The termeratures calculated (one~-fifth the gas temperature
for water cooling) were those appronriate to points near the cooling
nassages._ .

The purpoge of the present detailed study is to investlgate the
temperature distributlon encountered in the relatively long, thin .
trailing section between the coclant passage and the tralllng edge
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of the liquid-cooled blade. This sectlon, particularly the trailing
edge, moems most likely to be critlcal, The blade design and
coollng comditions used are the mame as used 1n reference 3 except
tliat only the blade section bounded by the rim, the tip, the wall

of the coolant passages, and the tralling edge 1s considered. The
analysis is carried out In several parts, with assumed shepes or
sections that approximate the tralling portion of a typical blade

as follows: & one-dimensional analysis of a rectangular section
through the outer portion away from the roct, a similar ons-
dimensional analyols of a wedge-shaped sectlon, and a three-

dimensional analysis of a right prism for the entire span of the
blade.

The following sectlons of this report present the development
of the varlous solutions for temperature disbtribution in terms of
the dimensions, physical properties, boundary temperatures, and
surface coniitions that prevall. In addition, a number of flgures
are presented that illustrate the various effects of thermal
conductivity on three-dimensional temperature distribution for
several values of the effective gas temperature and the cambined
influence of design dimensiona, thermal conductivity, and some
surface conditione on cooling of the trailing edge.

THEORETTCAT, ANATYSIS

Symbols

The following symbols, arranged in alphabetical order for the
convenience of the reader, werse used in the calcnlatlons:

a -parsmeter equal o AJégg', (ft‘l)

b distance from tralling edge ‘o wall of coolant passage, (ft)
k  thermal conductivity of turbine metal, Btu/(hr)(£t)(°F)

1 distance from blade tip to rim, (£t)

g4; heat-transfer coefficlent from hot gas to metal,

Btu/(br) (sq £t) (°F)

d, heat-transfer coefficlent from metal %o coolant,
Btu/(hr) (sq £t)(°F)

t blade thickness, (ft)
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mean blade thickness, (ft)
%1  blade thickness at trailing edge, (ft)
tz blade thickness at wall of coolant passage, (£t)
T teumperature of metal, CF
Ty effective temperature of hot gas, °F
T, average temperature of liquid coolant, °F
T,, ‘temperature at rim, °F
x distance from blade tip to blade element, (ft)
¥ distence from trailing edge to blade element, (££)
2 distence from median plane of section to blede element, (ft)
2e  angle between sloping sides of wedge
o
6 Ty - T, °F

A linear dimonsion accented by & prime denotes that the dlstance

has been extended by tl/z (for the wedge) or t/2 (for the rectangle).
Disgcussion of Simplifying Assumptions

The turbine wheel with cooling passsages is shown in flgure 1
and a croas sectlion of the blade in figure 2. The approxlimate blade
gshapes (right priem, wedge, and rectangle) used in this analysis, which
can be used to approximate any tapered profile, are given In fig-
ures 3, 4, and 5. : :

The equations for the temperature dilgtribution in the blade
section hetween the coolant passage and the trailing edge were
obtalned by equating the heat entering and the heat leaving an
element. In ordsr to simplify the boundary conditions, the cross
gection of the blade under conslderation was apnroximated by geo-
metric Flguresa having etraight sides and areas equsl tc that of the
blade cross sectlon. For the firat development, a rectangular shaje
(fig. 3) was used, in which the width was made equal to the distance

from the trailing edgme to the coolant-passage wall and the thickness
aqual to the mean thickness of the blade over thls wldth, TFor a



NACA RM No. E7B11d S

closer approximation to the true shape, a wedge shape (fig. 4) was

used in which the wldih remained the same as in the rectangle and

the thickness tapered from the blade thickness at the coolant passage
to the blade thickness at the tralling edge. Fur both shapes, the
approximate coclimg surface was less than that encountered 1n the
actual blade because tlie circular coclant-passage wall was approximated
by & chord rathsr than by the true arc.

The analysis was performed in the following parts: (a) a one-
dimensional analysis of a rectangular section through the outer
portion of the blade, away from the blade root; (b) a one-dimensional
analyslis of a wedge-shaped sectlon through the outer portion of the
blade; and (¢) a three-dimensional analysis of a right prism for a
4-inch blade length.

The following simnlifying assumptions were made for these parts;

(1) In parts (a) and (b}, the heat Tlow to the rim was negligible
at a section chosen sway from the blade root because the length 1
was large compared to the width b (fig. S). The valldity of this
assumption 1s demonetrated by the results cbtained in the three-
dlmensional anelysis.

(2) The heat gained from the trailing edge can be accounted for
by assuming the width to be exbtended by & dlgtence egual to one-half
the blade thickness at the trailing edge t; (fig. 6). The edge
0Q at temperature T gained some heat. The extended surfaces 00!
erl QQ' were at nearly the same temperature T and no heat entered
the end 0'q', therefore these surfaces gained practicaslly the same
amount of heat as the actuasl exposed end. TIn part (c) especially,
the boundary condition was much simplified. Thile assumption remalned
valid as long as t/z was small compared witk b. This valldity is
demonstrated for part (a). In like manner, the blade length was
extended & distance equal to +/2. The length and the width extended
by the distance t/Z are denoted by D' eand 1° resgpectively.
Thig assumption wae used only in parts (b) and (cs.

(3) The temperature of the blade at the rim was constant at rim
temperature. If this constancy is not maintained, it is ehown that
varigtions from it have little effect on the results except very
close to the rim. This assumption was used only in part (c).

(4) The variation of k was negligible and Ty, T3, Qi1, and dg
are constant over the blade and surface passages. Because these
blades were assumed to be cooled over the entire length and those of
reference 3 cooled only to wlthin one-gixteenth inch of the tip, the
comparsable curves dlffered at the tip.
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The analysis of parts (a), (b), and (c) are glven in the follow-
ing secticns.
One-Dimensiaonal Analysls of Rectangnlar Sectlon through
Outer Portion of Blade, Away from Blade Root

The derivatlon of the formula for part (a) as shown by figure 3
is cobtalned from:

Heat entering slement from right emd = kt dg/dy
Hoat entering element from eldes = 29, dy @

Heat leaving element from left end = kt (de/dy + dzo/dyz dy)

Therefare, o -
kt d0/dy + 2q; dy 0 = kt (ae/ay + a%e/ay® ay) (1)
or
2
28 _ a2 (2)
ay”
where
Zqi
a =Nja; . (3)

The bouvndary condlitions are as follows:
when ¥ = Db, .

de

kt 3= = 2ot (T - 1)

It Ty - 6 1is substituted for T,

kdg

dy = qo (Te - T'l - B) (4)
when y = 0O,
de
k=X = a 5
iy Q4 (s)

A solution of eguation (2) is

d=Acosha(y+e) (6)
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where A and ¢ are Integration constants. The quantlitles €
and A are evaluated to satisfy the boundary corditlons at the
blade edge and in the coollng passage, respectively.

From equations (5) and (6), when y = O,

kA a ginh a € = q; A cosh a ¢ (7)
therefore from equations (3) and {(7)
a4 £
tanh'l'(;—;> tanh~t af =
& 2

when t 1s not boo large. This difference between ¢ and /2
varies from 0.4 to 0.5 percent for the values of a considered and
bas an inappreclable effect 0.C05 foot or more inside the trailing
edge.

When y = b, +then from equations (4) and (6)
Aasinha('b—:—c)=%[Te.-TZ—Acosha(b+e)} (s)
or
%
+ (Te - T1)

asinha (b+e) + = cosh a (b + €}

Therefore, q
3 (Te - Ty) cosh a (y +¢)
g = (11)

a sinh a (b +¢) + %? cosh a (b +¢€)

Cne-Dimensional Analymsis of Wedge-Shaped Section
through Outer Portion of Blade
It has been demonstrated (reference 4, equation (53))} that a
solutlon for the temperaturs distribution along the y-axis in a
wedge-shaped segment (fig. 4) may be expressed
8 = A'Jo(1p) + BIE,{ip) (12)

where A' and B are arbitrary constants and J, and Hy; are
Bessel's functions of two kinds, zero order.
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The variable u is defined

2 _ 402 /1 - tan o
ue = 4¢ l:y""tl\zmnm):] {13)
where ) . _ _
1
o? = E sin a (14)
and o .
o - &
o = tan"l "%.'E——l‘> (15)
The boundary conditions are, when y' = 0
dae
o7 - 0 (18)
when y' =Dh!
de
kaF=qo(Te-TZ-9) (17)
or when p = pg
ae
au °
and when ¢ = Mo :
2
2C% 460 -
1‘:"‘:{;"a~g=qo (Te -TZ - 6)
when y' = 0 . - - e S ,
t1 {1 -~ tan a)
pl=ch\[12tanm (18)
when y' =1b' .
= 1l ~ tan «
b = 20\/"’ e (pieme) (%)
Equation (13) can be differentiated and put in the form %g, giving
46 a6
01 S .1 20
du - pe? A7 (z0)
Therefore when
a6
&y " °
then

By virtue of the propertles of Bessel's functioms,

ddo (F/ay = =31 (3)
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and
a8, (7)/dy = -Hy (¥)
therefore
- ae
o = -A1dy () + B E) () (22)
and when
de
= °
then
1A'Ty (ipg)
B = ~ 23
e (23)

In order that equation (17) may be satisfied

2 4
K 3:_2_ [-A'L Jy(ipp) + BH; (ipp)] = qo[(Te-Ty) - A'T (3pg) - BL Hy(ipp) ]
(2¢4)
In stendard form equations (23) and (24) can be written, respectively

[i7y (fu3)] At - [E; (1)} B =0

r 202k rzcﬁk |
LJo(iuz) - oy 13 (1ng) | AT + L@ Hy(inp) + 1H (iup)| B = Ty — Ty

=4

The values of A' and B can easily be found and substituted into
equation (12), giving 6 in the form
doh2
sorr (TemTr) [Ey(1pg)a5(an) + 107 (1) 18, (1n)]

4
(199 (1eq)8; (1p2)] ~ [Hp (dpg )idq (1)) + E.é:_i X

] (25)

vwhere X is

[E (1ng )35 (1up) + 10y (ipg )1H,(1pp)]

Three-Dimensional Analysis of Right Prism for
4-Inch Blade Length

The derivation of the formula for part (c¢) as shown in fig-
ure 5 is obtained from
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Heat entering element from top = —k dydz. g%

Heat entering element from right end = —k dxdz gg
Heat entsring element from front = <k dxdy g%
- [ar 327
BEeat leaving element from botton = ~k dydsz vax —= dx
\o*  ox< .
Heat leaving element frcm left end = =k dxdez (gz + éEE-dy)
Y &P
Heat leaving element from back = —% dxdy (3¢, BT 4,
Y \a; azz

When the heat entering is equated to the heat leaving

T T A dr  d2T
-k dydz 5% -~k dxdz 5-}-;-—1{ dxdy 32 = -k dydz (‘3-3—: + a—x? dJ:)
dr . % fap 327
=k — ~ dy ! —= 4 26
dxdz \55 + 552 d%) k dxdy \EE * 33 z) (286)
or
0 = J2T + 2T . d2T (27)

T dx=  Jy2 3zt

The boundary condltions can be more simply handlsd if the gas
temperature 1s taken 28 a reference temperature rather than the
metal temperature; that is, if the substitution is madse

8 =Ty —T (28)

or
T =T, ~ 6 (29)
Equation (27) then becomos

_ %% 3% . 9%

J = +
J3x!2  Jdyre @

(30)

The orlgin of the coordinates chosen la indicated in flgure 5.
The axls 2z = 0 1g located in the medlan plane of the right prism;
from considerations of symmetry there can be no heat flow across the
medlan plane. : :
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The boundary conditions that must be satlsfied are

wvhen x!' =0
-0 (51)
when y’ = 0
g_gl =0 (32)
when z =0
o8 - _
Sz=° (33)
when x' = 7!
6 =Te —Tp (34)
when y' = ht?
7 = % (T = T; ~ 0) (35)
when Z=.{2i Cmm e maa mee s -
e
a_ki ==q 6 (36)

A convenlent form for the solution of equation (30) is
oc (=]
8 = Zm Zn
1 1
X (App cos Npx' cosh Myyy' cos Ppz +Bmn cosk Rpnx' cos Apy! cos Ppz)
(37)

where A, B, M, N, R, A, and P are arbltrary constants. The rela-
tion between tﬁe constants usged as coefficlents for ths variables is

My, ®
Rpm2

Pp? + N2 (33)

Pnl + Ap? (39)

where n =1, 2 4, ... and m=1, 2, 3, 4, .... By the selec-
tion of equation ?37): the’boundary conditions expressad in equa-

tions (31) to (33) are satisfied.
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In appendix A, values of Apn and Bpn aro derlved. These
values are

Pt

- . _
_ (~1)m-l 80 s gqy (T - T1) 1
Amn = 3TZn-1) o % % Mo, Sinh Mggb' + dg Cosh Mgmb’
P 3 gin 2Py 5
1+ T
2Pp 3
-
sin Apb! 4 (Tg— Tp) B0 Fm 3 1 1
Y 8in 2AnDd’ T T coeh R, 1°
- AP gin 2P, = mn
2Py 2:

Values of n Tfrom 1 to 14 were insortod and the temperatures cal-
culated from equation (37)}.

In appondix B it ie shown that sufficlently accurate results
(within 1°) can be obtained by useing only the first value of m;
that is, m = 1 end dropping the terms invelving cos Py z,
cos Pz z, etc. o

AFPLICATION OF ANALYSIS

The followlng asswiptions were made in applying the previous
results to specific numerical calculatlons:

1. The gas flow was 55 pounds per second. The heat-transfer
coefficient corresponding to this gas flow q3 was found to be
222 Btu per hour yer square foot per °F.

2. The liquld coolant, wabter, hed an average temperature of
200° F and a flow rate of 6.42 pounds per second for the entire rotor,
The heat-tranafer coefficlent corresponding to this coolant flow
was calculated (reference 5) as 2370 Btu per hour per square foot per °p,

3. Average thermal conductivities k of 15, 40, 60, 80, 100,
120, and 210 Btu per hour per square foot per CF were used.

4. The turbine had 55 blades.
5. The blade was liquid cooled over i1te entire length of 4 inches

by two cooling pessages 0.25 inch in diameter. The blade chord was
1.188 inches long. : -
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6. Some numerical values assumed were

b = 0.0500 foot

b! = 0.0550 foot (rectengular section)
b! = 0.0515 foot (wedge-shaped sectlon)
1 = 0.3333 foot

1' = 0.3383 foot

%t = 0.010 foot (rectengular section)
t1 = 0.003 foot (wedge-shaped section)
tp = 0.021 foot (wedge-ghaped section)

T.. = 284° F (all values of thermal conductivity) when
Ty = 2000° F

T = 331° F (211 values of thermal conductivity)} when
Te = 3000° F

T, = 426° F (all values of thermal conductivity) when

The theoretical tempersature dlstribution in the trailing segment
of the turbine blade was determined by & three-dimensional analysis
using equation (62) in which the blade cross section was epproximated
by & rectangle. The temperature distribution was found in two planes
representing the maximum end the minimum temperatures for the =z
axis; the first plane was located at the side of the rectangle and
the second wag on the median plane through the gection. The tempersa-
ture was plotted agalnsgt radial distance from the wheel axis for
intervals from the tralling edge to the wall of the coolant passage
(fig. 7). At the wall, the seriee converges too slowly to be useful,
therefore the curve was based on a one-dimensional calculation (equa-
tion (11)) and the behavior of the other curves of the family. Sim-
1lar distributions were calculated and plotted using thermal conduc-
tivities 120 and 210 Btu per hour por foot per OF (fig. 8).

The next step in the analysis was to determine the offoct of using
a rectangular cross section as an approximation of the true blads
shape. The complexity of a solution using the true blade cross
section eliminstes an exact comparison. A wedge-shaped cross section
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represents the clogest approximation with planes as boundaries and
thia shape was used to indicate the trend. A three-dimensional
analyslis of a wedge-shaved cross section was beyond the acope of

this report and quite unnecessary because on the outer three-quarters
of the blade, the metal temperature doss not change wilth the radius
and the comparison was made on a one-dimensional basis for tempera-~
tures along the center line of a sectlon thraugh the outer portlon

of the blade. The comparison ls presented as a plot of metal tem-
perature againgt distance from the wall of the coolant passage for
an equivalent rectangular and wedge-shaped sectlion (fig. 9).

The thermal conductivity of the metals used 1ln blade construc-
tion has congiderable influence on the temperature distribution; the
high-tensile~strength alloys currently used have & relatively low
thermel conductivity. The effect of thermal comductivity was
investigated ueing e one-dimensional analysis of a section through
the outer portion of the blade for average thermal conductivities
ranging from 15 (eteel) to 210 Btu per hour per foot per °F (copper).
Although the upper range of conductivitles is Impracticable for
actual use in blade construction, it does indicate the trend and the
magnitude of temperature changes with changes in thermal conductlivity.
The cowparison is presented as plots of metal temperature against
dletance fram the wall of +the coolant passage for the rectangular
shave (fig. 10{a)) and the wedge shape (fig. 10(b)). The effect of
2 change in thermal conductivity on trailing-edge tempersture was
determined comparatively using the same values of conductivity for
equivalent rectangular and wedge shapes. One station on the section
center line at the trailing cdge was used for each thermal conduc-
tivity (fig. 1l). : : .

RESULTS AND DISCUSSION

The theoretical three-dimensicnal temperature distribution for
a turbine blade of rectangular cross section 1z presented for effec-
tive gas temperatures of 2000°, 3000° and 5000° F in figure 7. The
temperature falls off in inoreasing 1ncrementa as the dlatance to
the cooling liquld decreases. At a constant distance from the wall
of the coolant passage, the temperature remalne substantlally constant
for approximately three-quertera of the blade length. The tempera-
ture beyond this point falls off rapidly and reaches the rim tewper-
ature at the base. The average temperature at the tralling edge of
the blade was reduced 7.14 percent below the gas temperature at
2000° F and 7.6 nercent below the gas temperature at 5000°. The
temperature differential between tlie side and the center of the
blade (z = t/2) was 3,6 percent of @, negligible at the trailing
edge, and at the maximum point d4id not exceed 5 percent of the metal
temperature.
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The temperature distributlon at & gas temperature of 2000° F
for rectangular blades having thermal conductivities of 120 and
210 Btu per hour per foot per CF 1s presented in figure 8. With
increasging thermal conductivity of the blade metal, the temperature
tends to decrease at the trailing edge and lncrease near the coolant
pagsage. The temperature at the tralling edge 1s approximately
32 percent below the gae temperature at a thermsl conductivity of
120 Btu per houvr per foot per OF and 38 percent below the gas tem-
perature at a thermal conductlvity of 210 Btu per hour per foob
per OF, With increased thermal conductivity, the influence of rim
cooling is mors effective and the radial dlgtributlion lines fall
off more rapldly. The temperature differential between the sides and
the center of the blade decreases wlth increased thermal conductivity.
For the higher conductivities, this differentlal is too small to be
shown in the figures, inasmuch as 1t ranges from 2° to 7° F.

An invemstigation of & rectangular cross-section blade indlcates
the temperature distribution in & blade having the cross sectlon
shown in figure 2 but orrors in the temperature distribution
will exist. The trend will be indicated, however, if the rectan-
gular cross sectlon is compared with a closer approximation to
the true shape; namely, a wedge-shaped section. Flgure 9 presents
plotes of the one-dimensional temperature distribution along the
center line at the blade tip for a rectangular and & wedge sectlion
at a gas temperature of 2000° P and a thermal conductivity of 15 Btu
per hour per foot per °F. The temperature distribution for the
wedge shape has & slightly steeper slope than that for the rectan-
gular sectlon and the temperabtures at the tralling edge and the wall
of the coolant passage are lower. (Part of this lowering is due 1o
the additional thickness of the cooling surface.)

The effect of the thermal conductivity of the blade metal on
one-dimengional temperature distributlon is shown in filgures 10
and 11. Figure 10(a) presents the temperature distribution along
the center line of & rectangular section through the outer portlon
of the blade for an effective gas temperaiure of 2000° F and various
thermal conductivities. At low thermsl conductivities, the temper-
ature falls off sharply from the treiling edge to ths coolant
passage. With increasing thermal conductivity, the temperature
decreases at the trailing edge and increases at the wall of the
coolant passage, which in general tends to equalize the temperatures
acrose the width of the blade. The reduction of the temperature
at the trailing edge Increases with an increase in the thermal
conductivity. Figure 10(b) shows the temperature distribubion
for a wedge section for the game conditions imposed on the rectan-
gular sectlon. The general form of the curve 1s similar to that
for the rectangular section; howsver, the temperatures at the
trailing edge and at the wall of the coolant passage are lowsr and
the drop in temperature for a given increase in conductivity is greater.
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The varlation in temperature wilth an increase In thermal con-
ductlivity for rectangular- and wedge-shaped sectlons is shown In
figure 11. The point selected for comparison was located on the
center line of the section at the tralling edge. The curves show
that the blede temperature at thie point may be considerably lowered
by using metals having a high thermal conductivity and that for the
pame conductlivity, the cooling is svbstantially greater for the
more represontative wedge-shaped soction. Thils effect 1s pertly due
to the loss of effective area at the cooling passage where the thlck-
ness of the equivalent rectangular section is considerably less than
that of the wedge section. At high values of thexrmal conductivity
& representative temperature distribution can be obtained from the
rectangular section by assuming the mean thickness t equal to the
value of %3 for the compafative wedge. The total cross-sectional
area then is no longer equivalent. The same care in selecting
appropriate dimensions extends the useful range of the nondimsneional
chart (fig. 12).

Te -

T
The nondimensicnal cooling oo at the trailing edge for
e~ ~1

the rectangle is shown as a function of ab' anmd q,/ak in fig-
ure 12. ZFquation (11) was used with cosh ag¢=1l. It is seen from
filgure 12 that for ab' 2 3, +the cooling is less than 10 percent
for the entire range of ¢g/ak. In order to obtain 50 percent
cooling even for quite large valuss of qo/ak, ab' must be less
than 1. Points for the extreme velues of k, 15 and 210 Btu per
houxr per foot per OF, are shown on the figure. Theoretically ab’
could be reduced by decreasing g4 and b' or by increasing k
and +t. Under current conditions, not much can be done ebout qj
and k. The curves then indicate short thick tralling edges instead
of long thin ones for good cooling, From the curves of figure 12
i1t can be deduvced that with materials of low thermal conductivity
an infinite increase in the coolant-passage heat-transfer coeffi-
ocient relative to that obtained with water will have small effect
on the trailing-edge temperature.

CONCLUSIONS

The followlng general comclusions can be drawn from the analysis
of the cooling characteristice of the trailing part of a liquid-
cooled turbine blade:

1. For blade materials having low thermal conductlvity, the
computed three-dimensional temperature distribution of the equiva-
lent rectangular trailing section indicates that the rim-cooling
effect is significant for only a short distance from the blade root,
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the trailing-edge temperature clomely approaches the effective gas
temperature, and the temperature gradient normal to the surface
exposed to the combustlon gas can generally be neglected.

2. The three-dimensional and one-dimensional sclutions of the
equivalent rectanguler trailing portion give almost identical tem-
perature distribution in the blade sectlion away from the Influence
of rim cooling; the one-dimensional treatment of the wedge or
rectangular section 1ls therefore sufficient for most investigations.

3. For blade materials of very low thermal conductivity, the
one-dimensional temmerature dlstribubtion computed with the equiva-
lent rectangular section is only sllightly different from that of
the more representative wedge sectlon.

4, The equations for the one-dimensional rectangular solution
permlt construction of a gimple chart, which glves the value of the
trailing-edge nondimenslonal cooling parameter with any possilble
combination of the design and operating varlables considered in the
analysis,

5. For the blade shapes considered in this analysis, and with
meterials of low thermal conductivity, an infinites increase in the
coolent-pasaage heat-tranafer coefficient relative to that obtalned
with water will have smsll effect on the trailing-edge temperature.

6. For the blade shapes consldered in this analysis, tralllng-
edge temperature may be considerably reduced with & material of high
thermal conductivity and to & lesser extent by locatlng the cooling
passage closer to the traillng edge.

7. Large reduction in trailing-edge temperature results when
the blade shape is altered to provide a short thick trailing sectlon.

Aircraft Engine Research Laboratory,
Netional Advisory Committee for Aeronautlcs,
Cleveland, Ohilo.



APPENDIX A

CALCULATION (F THE INTEGRATTON CONSTARTS

Tho dovolommont of oquation (34) leade to a determination of W.

=2 o] s
Te ~ Tp => 0 2.0 (Agn cos Npl'! cosh Mypny' 008 Fpz +Bpn 008h Buml! o8 Any' cos Bpz)
1 1

The firet term will venieh 1P ;

cog Nptl' =0

Thus : .
N S
where ,
: ._'In=1, 2, B, &) ern
! :
= S T
; Nn___\ '1'2)“

For these values of ¥ oquatlon (40) assumes the form

(40)

(41)

(42)

(¢3)

8T
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D= e o

Ty = Tp = }: q—":{_JBm cosh Bmml' cos Myy' cos Py (44)
n=l m=l

Equation (44) is & Fourier development along y' and z.

The development of equation (35) leads to a determination of A.

(o]

-8

o.m 20 k(Ay, cos Nyxt My, sinh M_b! cos B ~ By (cosh Byx') My 810 Ag' 0o Byz)
1 1 |
X o
= myn gn(T = Ty Ay oo8 Fpx* 0osh Memb' 008 Pz ~Bun cosh Bmx' cos Agh! cos Fpa)
1 1

7 ’ (4?5)

In order to simplify equation (45) at the boundary condition y' = b' and 4o molve for
the congtant A, the second summation in the left member 15 equated to the last sumation in
the right member term by term

Then
& & .
G (Tg = T7) =0y m Ay (MMyy sinh Myb'+q, cosh M b') cos Pyz cos Kx! (46)
1 1
and
oo [ o (> :
R R kBm(oosh Rmx‘)hn sin Apb' cos Ppz = m 2 1 Qo Byn cosh RypX! cos Apb? cos Ppz  (47)
1 1 1 1 '
The sums are equated term by term. Therefove, Ay 18 determined by eny solution of

dob'
k

"o Yl VOVN

PrTELE

&T
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The development of equation (36) leads to a determination of P.

E. ] ‘ Pt %t
>om ZD -kAmm coa Npx' cosh Mpny!' i\Pm gin Py %} ~kBym cosh Rypx! coa Apy! (Pm sin Pp é')

1
' Siw % : %

= Em Zn -q4 Ayn coa Npx! cosh Mpny! (cos Pm 2—) -q4 Bpm cosh Bynx' cos Apy! (\cos Py E)

1 1 (49)
or aqt |
4 - T2F '
Py 7

The possibility of determining values of Bpp and Ayy to satiafy eguations (44) and
(46) hes been eskeblishad in texthooks on Fourier and other harmonic series (referemce 6,
pp. 118-121), and it is only necessary that the values determined define & convergent series.

The values of App are determined by integrating equation (46) between the limite of
x =0 to :1:' =1' end 2=0 to z = % and substituting the valucs proviously determined

for N, and Py in oquations (43) and (50). Tho intogration 1s accomplished in two steps
using the function cos Ngxdx and ocos Fyzdz &as multipliers.

For abbreviation,

¥ = (i%m sioh Mub! + Qo cosh Mmmb!) (51)

PTTHLE "ON WA VOVN




Then

[fx'=ml! rxt=11
¥ Amn co3 Ppz I cos? Fpx! dx' = g5 (T, — ) J com Npyx' dxt

Jxt=0 x'=0

because all the temms

'bl
[ cos Npx' cos Ngx' dx'
Jo

vanigh when & ¢ n. Whon oguation (52) 1is intogratod, and tho limlts pubetitutod

i AETA : xt=7*
008 Py sin 2Npx!l f(Ty ~T7)
V¥ Agn Esz [Nnx' b 5 = 4o l- GNn ein M,x!

e

or
sin ZFn7' ) (Tg — T7)
s o g, =)

V Apy co8 Ppgz \Z + — z" 4 T

sin Nj1'

‘Whon tho value Np as determined in oouation (43) is substituted
4 o
‘VAanDBPmZ=,T% (TQ~T1)§2;1—l=ﬂn

When oquation {55) im intogratod in terms of = using tho multiplior cos Pyzdz,
t t

iy Z=p
v Ami 00s® Ppzdz = Py [ 008 Ppzdz
=0 _ +Z2=0

(54)

(55)

(58)

PIIELE O W vOVN
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becauge 511 the terms

MNfet

l cog Ppz cca Pyzdz
o

vanish when u # m. The integration of equation (52) givos

%
A | sin 2Ppz "z 8o I 2
it n
Ve [sz + H oo [Bin sz}
z=0 0

Substituting limitas,

or

In like memmer By, 1ls determined from equation (44) and the squation for Bny 18

gin Pu% 1
an = 2£n % " ©
cosh Byn?' {1 + ————gp—

(57)

(58)

(59)

(60)

g2

PITHLE "ON L VOVH



NACA ’RM No. E7Blld

whoro

gn =2 (Te = Tr)

gin Apb? 1
Aqb' [ sin 2)po’
G Se)

23

(61)
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APPENDIZ B

EVALUATION OF THE TERMS WHERE m > 1
The temperature disgtribution in the turblne blade under consid-

eration is determined neglacting the smaller terms when m > 1 and
using equation (37) in the form

(o]
@ = cos Plzz.n (A3 cos Npx! cosh Myny' +Bip cosh Rypx' cos Apy')

1
(62)
This equation will be valld for all practical purposes when the
thickness of the Dblade is small compared with the wldth and the
length. 1% is necessary, In demonsgtrating this statement, to expand
the double series given by equation (37) and inspect the terms con-
talning the function cos Ppz, The expansion of equation (37) with
the subscripts in the order mn agsumes the form

8 =(A1; cosh My3y' cos Pz +4Azy cosh Moyy' cos Poz +...) cos Nix!
+(A12 cosh Mypy' cos Pyz+4p, cosh Mgoy! cos Ppz+...) cos Npx!
+eo. + (A1, cosh Mypy' cos Pz +Ap, cosh Mp,y' cos Poz+ ...) cos N,x!
+(B11 cosh Ry1x' cos Piz +Bpy cosh Rpyx' cos Poz +...) cos Ajy!
+(B12 cosh Rypx' cos P1z +Byy cosh Roox' cos Poz + ..4) cOB Apy!
+.0s +(Byy cosh Ripx' cos Pyz +Bgy, cosh RopX! co8 Ppz+...) COB Apy'

(63)

If all the other terms in the series are arrangsd sc they becoms
coefficients of the functlon cos Pyz,
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A21 cosh Ma21y!
431 cosh Myiy?

€ = Aj3 cosh Myyy! (cos Piz + cog Poz + ...) cos Nqyx!

+ A2 cosh My ‘cost+A:32 goeh Meay cos Ppz + \cosﬂx'+
12 2¥ 1 Alz cosh M]_Zyt 2 "'/ 2 ¢eou

4
A2n cosh Mgny! \
T T
+ Ay cosh M,y &cos P12 + i 7T Co8 Poz + ...,1 cos N,x

{ Bgy cosh Raix!
LI
+ Byy cosh Ryix ;\cos Phz +Bl o8 Ri1X’

co8 Poz+ ...} coB NF!

B2z cosh Roax!
Blz cogh R:LzI’

+ By cosh Ryox? (cos Pz + cos Poz + ...) cos Ay’
3

Bz cosh Ropx! .
By, CoBH Rlnxr cos Ppz + ...’; cos ALy!

s

+ By, cosh Rlnx’ (cos Plz +

(64)

From equation (64) it can be seen that 1f the coefflcilent of the
function cos Pz 1n any serles is negligible compared with unity,
the terms subsequent to cos P;z may be disregarded for practical
application of the equation. Because the series is convergent for
egcending values of n, it is only necessary to inspect the coef-
ficient of cos Ppz for a value of =n = 1.

When the coefficlent of coe Ppz in the Apmn series is eguated

Eot g and the values of Ay, determined by equation (59) are substi-
uted,

sin Py & gin 2Py gkl

-+
Ly
Py 5 ¢ (kM17 sinh Mj1b* +qg cosh Mj1b') cosh Mp3y!

. TN T4 T T
sin 2Pp 3\ {(kM2] einh Mp1b' +q5 cosh Mob') cosh M1y

+ 1
t
2P2'2- /

T
Py

VN Vi N

Z
t
gin Py >

t

Py F

(e5)
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sin Pp & / gin 2P 5\
e PSS |

(1+
T % _
fo2Z \ 223/ (om temn 01D + go) cosh MLLb! cosh Mg1y”
= - ' . i -
sin Py % sin 2P2 g\\(kmzl tanh Ma3b *'Qof'u0§h Mz1b' coeh M1y
—
P13 . \\ 2Py //

(66)

For the blade under considersation,

bt = 0.055 £t
k = 15 Btu/(nr)(ft)(°F)

1! = 0.3383 ft

qg = 222 Btu/(hr)(og £%)(°F)
q, = 2370 Btu/(kr)(sq £t)(°F)
t = 0.01 £t

From equation (50)

Py = 53.74

P, = 632.99
From equation (43) : _ . o
N = 4.64 £t-1
From equation (38)
Mj] = 53.94 £t7%
Mpy = 632.99 £t~1

The following circular and hyperbollc functions apply for these
values:
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9.7425

sin P) 7 = 0.2654  cosh My b'

6.5907 x 104

sin P, £ = .023¢  cosh Myb!

Nt et

sin 2P¢ % = 0.5119 cosh M3y 1l when y' =20

sin 2P, £ = .0467 cosh Mpyy'

tanh My3b' = 0.995 cobh Myqy' = 7.4513 when y' = .05

1l when y' =0

2.7822 X 100 when y' = .05

tanh MZl'b' =1 cosh Mély‘

If the given valuee 1n equation (66) are substituted, the following
coefficlents are obtalned:

y' =0 # = -5.738 x 10717
y! = 0.05 § = ~2.142 x 1074
yt =D $ = ~3.882 x 1073

The values of ¢ obtained for the blade under consideration show
that the coefficient of the cog Poz term has a maximum value at
y!' = b' and is then equal to 0.4 percent of the first term and as
such may be disregarded for practical applicationa.

The effect of the sscond term of the By, series can be inves-
tigated by equating the coefficient of the cos Poz term to x and
the previous process ropeated.

sin P2 -g— /l sin 2Py ;L\“
K + et ————————
+t % !
P2 3 \ ZP]_ 5 /’ cosh Ryy1' cosh RZJ_I’
I'= t /7 t, cosh Roq1' cosh Ryix! (67)
gin P & ( sin 2Pp 3\ 2l 1L
_
T 1L+ T
Prz \ 2z3

The application of equation (67) to the blade under consideration
requires the following values:

From equation (48)

Al = 25.64 £5-1
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From equation (39)

Ry = 59.54 fu71
Rpy = 633.51 £t71

With the values of Ry, and 1' used, the cosh Bypl' and

. efmml’
cosh x' mey be approximated by Z——— and equation (67)
2 .

becomes

' 2

sia Pp ¥ i/+ sin 2Pp g\

. c2 — 2

P2 % K ZPl 2 Tt
L= - < o211 -x")(Ry1-Rpi) (68)
sin Py = /  sin 2Po —\'\
_._g ‘1 + .____._—_2..
T : e

When the gilven values in eguation (683) are substituted for a
range of values of x!, +the following values of I' ars found:

x! Disgtance from rim r
(ft) )

0.005. | = 0.,3333 3
.3283 .01 1 -0.4643 x 107%
3333 .005 - .8227 x 10-3
.3383 0 - .1451 x 10~

The coefficiemt of the cos Ppz term increases as the rim is
avprcached and reached a value of 1.5 percent of the first term at
this point. For purposes of this report, the temperature will not
be calculated within 0.005 foot of the rim and the cooling liguid.
With this limitation, the values of the second and subsequent verms
are negllizible. .
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